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WITH BOUNDED AVERAGES
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ABSTRACT. The Wiener transformation (integrated Fourier transformation) on
the space B2 = {/: ||f]| = supr» (3¢ f_TT [£12)"? < oo} is studied.

1. INTRODUCTION
In the celebrated paper on generalized harmonic analysis [12], Wiener proved

the following identity

T—o00

(1.1) lim — /T |f(x)*dx = lim i/m 1A g(u)* du
. 1 ﬁ . x—8i0+ 2 e 8 P

where g = W(f) is the Wiener transformation (integrated Fourier transforma-
tion) of f defined by

-1 ) iux 1 iux
(12)  gluw)= % (/_ +/1 f0) % dx+/_1f(x)el.x dx)

and A,g(u) = g(u+¢&) = g(u—¢). He then used the identity to study the
almost periodic functions, and the spectrum and ergodicity of sample paths in
his pioneer work of stochastic processes.

The class of functions in (1.1), however, is not closed under addition. Two
natural Banach spaces to be considered in this respect are

1/p
p_ p . _ 1 /T p
B =S feL; (R):|flg = ;‘;1 (ﬁ _Tlf(x)l dx <00y,

and

P » 1 o] » l/p
Ve e Ll (R): gy, = sup (5: [ Idgldu)  <oo
1>e>0 —00
Received by the editors April 14, 1988 and, in revised form, March 10, 1989.
1980 Mathematics Subject Classification (1985 Revision). Primary 42A45; Secondary 42A38.
Key words and phrases. Bounded averages, BMO, CMO? , distribution, ergodic, Fourier trans-
formation, isomorphism, Wiener transformation.

© 1990 American Mathematical Society
0002-9939/90 $1.00 + $.25 per page

411



412 YONG-ZHUO CHEN AND KA-SING LAU

where | < p < co. In this case, functions in (1.1) can be considered as sub-
classes of the quotient spaces B? /Bg and V? / VO2 , where

p_ D, . __1__/T p_
Bo—{feB pHm o _Tlf(X)l =0,
and | e
P _ TR P
A —{geV : el_l»l‘(l;l)( 28/~00|A£g(u)| du 0}.

The spaces B” had been considered by Beurling in [3]. He defined a convo-
lution algebra 4”, 1<p <, by

o {f: i = / (/ Iflpw—(p—l))l/p < oo} )

wEQ

where Q is the set of bounded, positive, integrable even functions « which
are nonincreasing on R and

oo
w(0)+/ w(x)dx =1.
— 00
It is easy to show that A =1 ,and A° can be continuously embedded into
L' and L”.

Theorem 1.1 (Beurling). For 1 <p <oo, 1/p+1/g=1, A" isaconvolution
algebra, and (AP)* is isomorphic to B?.

By regarding 4”, BY asan L', L™ analog (rather than the L”, L? analog),
Chen and Lau [4] defined a class of functions,

{ T 1/p
. _ p
CMO"={f. llfll*,p—;gr;(ﬁfrlf—mrfl) <°°}’

where m . f = (1/2T) f_TTf, 1 <p < oo. (CMO stands for Central Mean
Oscillation.) The average in the norm is the p-th variance of the function f.
It is analogous to BMO, but takes average only on intervals [-7", T]. If we let
H,, be the corresponding Hardy space of A” | then

Theorem 1.2. For 1 <p<oo, 1/p+1/g=1, (H,) =CMO’.

Theorem 1.3. For 1 <p < oo, and foranyreal f, f+ife H,, ifand only if
f € A°, where f is the conjugate of f, and [~ is the nontangential maximal

function of f.

The case 1 < p < 2 was proved in [4], and the general case was ob-
tained by Garcia-Cuerva in [6]. Note that for p = 1, Theorem 1.2 is the
Fefferman-Stein’s duality theorem, and Theorem 1.3 is the Burkholder, Gundy,
Silverstein’s maximal function characterization of H'.
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While the space B” enjoys the properties of L™ under duality and Hilbert
transformation, we will show in this paper that B? , on the other hand, will be-
have like L? in connection with the Fourier transformation and the Plancherel
Theorem.

In the Schwartz distributional sense, the Wiener transformation of f satis-
fies (Wf)' = f where ' is the derivative, and ~ denotes the inverse Fourier
transformation (Proposition 3.1). We prove

Theorem 1.4. The Wiener transformation W : B* = V?* is an isomorphism with

. oo 1/2 B _
||W||=(h<0>+ / h(x)dx) A = (h(1) ™,

where

N2
h(x) = % (g_;_x) ;  x>O0andh(x)=suph(t).
1>x

The isomorphism can be rewritten as

csupL/T|f|2< sup /oo |Ag|2<c sup—l-/T|f|2 Vf e B
2r>12T )70~ w o Tt 2T '

0<e<l J—

It is an extension of (1.1), and is also an extension of Theorem 5.2 in [9]
where the limit supremum is considered. The proof follows from some more
general inequalities which will have independent interest in connection with
ergodic theory.

2. SOME INEQUALITIES

For a nonnegative continuous function # on [0,00), we will let A(x) =
sup,,, A(t), the smallest decreasing majorant of 4.

Theorem 2.1. Let h be a nonnegative continuous function on [0, 0c0) such that
¢, =h0)+ [ l°° h(x)dx < oco. Then for any nonnegative Borel measurable f,

oo T
sup/ f(Tx)h(x)dx < ¢, supi/ f(x)dx,
T>1J0 >1 1 Jo

and c, is the best estimate for the inequality.

Proof. The inequality is obvious if the right side is infinite, hence we may
assume without loss of generality that sup,.  (1/7) foT f(x)dx = 1. It follows
that -

@2.1) /f(Tt)dtgx, T>1, x>1.
0
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Forany b>1, T>1,

/b f(Tx)h(x)dx
0

1 5 . b . 1
=/ F(Tx)h(x)dx + (h(b)/ f(Tx)dx—h(l)/ F(T,)dx
0 0 0

- /lb (/OX 7(T0) a't) diz(x))

b
by integration by parts on /
1

~ ~ l ~ b ~
< (h(0) —h(l))/o F(Tx)dx + (h(b)b—/l xdh(x))
by (2.1) and the decreasing property of &

~ ~ ~ b~
< (h(0) - h(1)) + (h(l)+/1 h(x)dx)

b
=iz(0)+/1 h(x)dx.

By letting b — oo, the inequality follows. The following lemma will imply that
¢, is the best estimate.

Lemma 2.2. Let h be as above, then for any € > 0, there exists f such that
T
supr5,(1/T) fy £ <1, and

sup/ooo F(Tx)h(x)dx > h(0) + /loo h(x)dx —¢.

T>1
Proof. Let x, be the largest x such that h(x) = h(0). Let s = max{1l,Xx,},
and let A= {x >s: h(x)# A(x)}. Then A is the disjoint union of a sequence
of intervals {(a;,b;)} such that max . ., #(x) = h(b;). For simplicity, we
let A= (a,b), the general case is similar.

Let

0o b
" =/ (h(x) = h(x)dx = (h(b)(b—a) -/ h(x)a’x) .
For 0 < & < 7, by the continuity of # and the choice of b, we can find ¢,

6 > 0 such that
b+o

n—a<(h(b)—al)(b—a)—/ h(x)dx

0<h(b)—¢ <h(x), Vo<x<b+d,
0 < h(xy) —& < h(x), Vx, <x<x,+6,

Xo+0
0< / h(x)dx < e,
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and that [x,,x,+d1N[b,b+J]= Q. Define

mard %o} X €[Xy,%y+9),
£ = bza, xel[b,b+4d),
! 1, x € [5,00) \ ([Xy, %, +0) U[a, b +6)),
0, otherwise.
.
14 —— :._____

P Y S,

HE
X, xo+8

FIGURE 1.

(See Figure 1 for the case x;, < 2.) Itisa direct calculation that SUpzs, (1/T)
fOT f, <1, and

/oo £,(x)h(x)dx > h(0) + /°° h(x)dx = ke.
0 0

where k can be predetermined (k = 2 + x,, for the case x, > 1, and k=2
for the case x, < 1).

For the reverse inequality, we have the following:
Theorem 2.3. Let h be a nonnegative continuous function on [0,00) such that

for x € [0,1], h(x) > h(l) =c,, and xh(x) < c,, then for any nonnegative
Borel measurable f on [0,00),

T oo
c, sup%/0 f(x)dx < s}gg/o f(Tx)h(x)dx.

T>1

Moreover, c, is the best estimate for the inequality.
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Proof. Note that for T > 1,

T 1
cz%/o f(x)dx:/0 f(Tx)h(1)dx
< /lf(Tx)h(x)dx

0
< /Ooo f(Tx)h(x)dx

The inequality follows by taking supremum for 7 > 1 on both sides. To show
that ¢, is the best estimate, we will construct for any given & >0, an f, such

that sup;,(1/T) [y f, =1 and

sup/ H(Tx)h(x)dx <c,+¢.
T>1

Let 0<d <1 besuch that (1/(1-9))c, <c,+¢, and let

1
fr= 3Xu-s.11"

A direct calculation will show that f, is the required function.

Remark 2.1. The continuity of 4 in the above theorems is only used to obtain
the best constants for the estimates.

Remark 2.2. The functlon h(x) = |sinx/x|”, p>1, and the Poisson kernel
px)=1/n(l +x ) satisfies Theorem 2.1, and Theorem 2.3. The inequalities

for h(x) = |sin X /x|2 will be used in the next section. The case for p(x) can
be used to estimate the harmonic extensions of f [4].

Remark 2.3. By assuming that # satisfies conditions in Theorem 2.1 and that
there exists x,, such that

(2.2) mgg(xh(x) = xyh(x,) = c; and h(x) > h(x,), Vx €[0,x,],

the above proof can be adjusted to show that

T - 0o | T
- < O < / 0 =
c2 Th_{'f; T/o f(x)dx < TILH;O/() f(Tx)h(x)dx < c, Tlergo T/o f(x)dx
for any nonnegative Borel measurable f on [0, c0), and that c'1 = f0°° h(x)dx,
c; are sharp constants [9, Theorem 4.5, Theorem 4.6].

Remark 2.4. Let h be a complex valued function on [0,00) such that
(i) & has finite variation on any closed subintervals of [0, 00),
(ii) [57 A7 (x)dx < 00.
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It was proved in [8, Lemma 3.2] that
. *° 1T
Th_’ngo/o f(Tx)h(x)dx —cher;oT/() f(x)dx,
where ¢ = f0°° h(x)dx , provided that lim,__ (1/T) fOT f(x)dx exists.

3. WIENER TRANSFORMATION ON B?

We will use the following convention: the Fourier transformation of f is
defined by

fu= [  fxe ™ dx,

and the inverse Fourier transformation of g is

oo

2(x) = % / g(we™ du.

—00

Also we let
Agx)=g(x+¢)—glx—e),

A g(x)=g(x+e)—gx),
A, g(x)=g(x)—g(x—¢).

Il

The space B’ is contained in LZ(R, dx/(1 + x%)) [9, Proposition 2.1],
hence for f € B? , the integral

R

exists. This implies that

o)

converges in square mean. According to Wiener [12], we define the transforma-
tion Wf=g as

-1 00 iux 1 iux—1
g<u>=Wf<u>=§(/_ [T an [ gt dx)

i i
and call g the Wiener transformation of f. We remark that the last term is
used only to adjust the convergence of the integral.

Let S denote the space of rapid decreasing functions and let S’ be its dual,
the class of tempered distributions.

Proposition 3.1. If f € B>, then f, Wf e S', and (Wf) = f, where the
derivative and f is taken in the distributional sense.
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Proof. Let h € S, then

0o -1 0o iux
(W', hy= ~%/_w (/—oo+/l f(x)eix dx) b (u) du

This implies that (W f)' = f.

Theorem 3.2. The Wiener transformation W is an isomorphism from B? onto

V2 with
_ 4 12 -1, -172
||Wn-(h<0>+ / h(x)dx) Y = (),

where h(x) = 2sin’ x/nx*, x>0, and h(x) = sup,, . h(x).
Proof. Let fe B>, g= W (f), it follows that

Asg(u)= %/ f(x)ZSIIlExeiuxdx’

X
and
1 1 [ 2sin® ex
3 [ bl du= [~ 1P ax
oo .2
= [P dx.
If we let
L) =B WP+, x>0,
and
2
h(x) = 2sm2x’ x>0,
X
then Theorem 2.1, 2.3 imply that
* 2sin’ x
dx<s / Tx)* d
c2 ;l;}? 2T/ | Tl;l:; -~ |f( )l 7IX2 X

1 [T )
<c s [ 1o dx,
where ¢, = h(0 +f1 c,=h(l),ie
e S A2 < 115 -
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Hence W is an isomorphism, that ||| = c:/z , ||W"1H _1/2 follow from
the fact that they are the best estimate for the inequalities.

It remains to show that W is a surjection. For this, we observe that A:g =
7,8 8€ L? forall ¢ R. Define F, so that

(3.1 (€ —1)F,(x) = / = e "N g(u)du.

We claim that F, is independent of ¢. Indeed, let #n # ¢, it is easy to check
that

ATg(t+n) —Ajg(t) =4 glt+e)— A, g(t).
By taking the Fourier transformation, we have
(€™ = 1) = DE,(x) = (€™ = 1)(e"™ = 1)F,(x).
This implies that F, is independent of ¢. We denote it by F instead.

Let f(x) = ixF(x), it is straightforward to check that c,|| f Hiz < Hgllf,z <
00, and hence f € B’ . To show that W(f) = g, we observe that

A (Wf zn/ f 251nsx luxdx

ix
= E/_wF(x)Qsmex)e dx
=4,8(u),

ie. A(Wf—-g)=0. This implies that Wf =g in V>,
A function g on R has bounded variation if and only if g € y! [7, 11]. In

>0 € —00 e—0*+ € —00 e—0t € —00

and equals the total variation of g. The Stieltjes integral [ fdg for g € v!
is well known. The development of the correspondent theory for g € V* is
only partially successful (see Young [13]). Here we observe that for f € L,
ge L? suchthat g' € L?,

(3.2) /ooo ! (/ AT F(W)AT g(u )a’u) de
— 5 [ 5 (@ -0 waxx) ds

1 oo R 00 (eiex _ 1)2
-5 f(x)g(—x) (/0 —— ds) dx

—o0 €

Il

21n2

/ (—ix) F(x)&(—x) dx

Il

—2ln2[ flx)dg(x).
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This leads us to define for g € V2,
(e ] [eo] 1 oo _
(3.3) /_oofdg - c/o 5 </_oo AY f)A] g(w) du) de

whenever the integral converges, where ¢ = (—21In 2)_l . In [12], Wiener has in-
terpreted the integral (% _e™ " dg(u), g€ V? as first defining it as a formal
integration by parts on finite intervals, and follows by taking the Cesero limit.
The definition in (3.3) simplifies the meaning of the above integral. Moreover,
we have

Proposition 3.3. Let g € V%, then

/ e “agu)y=w(g) ae.

Proof. Note that for almost all x,

/_O:o e " dg(u) = c/ooo L (e7" — 1) </_°:o e " AT g(u) du) de

- —c/ L€ — 1’ F(x)de
0 &

= ixF(x) = W' (g)(x)

80)

(where F(x) is defined as in the proof of Theorem 3.2).

In [3, Theorem IX], Beurling proved that the Fourier transformation of A
is the class of continuous functions g in

2 > 1
0= {eilgl =gl + | 38, elede < oo}
Moreover
1 .
171 < 7=l <611

It is not difficult to see from Beurling’s proof that the assumption that g is
continuous is redundant. Indeed, let f = ¢, then

@ = = 5= ([ ealswan)
By [3, p. 14 and p. 24], ||f|% < (1/27)|ig|l}. - This implies that f € 4> and
hence in L'. Therefore g = f is continuous.
If we define the duality of ¥ and U’ by

<g,l>=/ ldg, geV?, leU?

—00

as in (3.3), then we have the following proposition.
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Proposition 3.4. Let g € V2, 1eU?, then

(g.0y= (W 'g,l).

Moreover (U 2 )" is isomorphic to V? under the above duality.

Proof. The equality follows from a direct verification as in (3.2). The isomor-
phism of (U 2)* and V% isa consequence of Theorem 3.2, Beurling’s Theorem
and the above duality.

Remark 3.1. The duality and Wiener transformation can be summarized in the
following diagram:

-1
PRLUEEN

(4) ~ B —— V'~ (U
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